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Introduction

e Hopf algebras in AdS/CFT

e Non-abelian symmetries and the Yangian

Secret symmetries Spectrum, Amplitudes, Pure spinors, Boundaries,

g-deformations




EXACT S-MATRICES

{for rev} [P. Dorey '98]

2D integrable massive field theories  (worldsheet counterpart)

e No particle production/annihilation

e Equality of initial and final sets of momenta

e Factorisation:  Spy—pm = [ S22

(all info in 2-body processes)
[Staudacher '05; Beisert '05]



Assume relativistic invariance (for now)

So— 0 =5(x1 —x2) =S5(x) [Ei = mcosh(x;), pi = msinh(x;)]

X
S A

N



7 anti?

A

1 4| anti?

Crossing symmetry  S12(x) = S3,(im — x)
[Janik '06]



Yang-Baxter Equation (YBE)  Si2 S13 S23 = S23 S13 S12
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Bootstrap S3B(X) = 53 (X + i(7r — X21B)) S31 (X — i(7r — XlzB))

[Zamolodchikov-Zamolodchikov '79]



S-MATRIX and HOPF ALGEBRA

{for rev} [Delius '95]

Algebraic treatment —— relativistic & non (spin chains)

R : V]_ ® V2 — V]_ ® V2 R is S-matrix S up to a subtelty which | spare you from

Vi module for a representation of (super)algebra A
Symmetry on ‘in’ states: coproduct

A: A— ARA

[A(a), A(b)] = A([a, b]) (homomorphism)



(PA)R = RA
P (graded) permutation ~ PA ‘opposite’ coproduct A (‘out’)

1]

AP 2 |



Lie (super)algebras can have ‘trivial’ coproduct

AP(Q) =AQ) =Q®1+18Q VQcA
non trivial — quantum groups

Hopf algebra:  coproduct + extra algebraic structures
e.g. antipode (antiparticles) + list of axioms

The Yangian is an oo-dim non-abelian Hopf algebra

{books } [Chari-Pressley '94; Kassel '95; Etingof-Schiffmann '98]



anti?
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1 anti?

(Ze1)R=R1=(12X HR

C e R12R13R23 = RozRizRio

: : : (A 4 1)R = Ri3 Ro3 (1 X A)R = Ri3 Rz



AdS/CFT

Vacuum ||= Z =¢1+ i¢2

S P T A S A IO AT A
psu(2,2|4) — psu(2|2) (excitations on the vacuum)
2 bosonic and 2 fermionic d.o.f.; even part su(2) @ su(2)
{rep theory of psu(2|2)} [Gotz-Quella-Schomerus '05]
Vanishing Killing form  psinjn), osp(2n +2/2n), D@2, 1ia) = =0 [Zarembo '10]
psu(2|2) only simple basic classical Lie superalgebra admitting up

to 3 central extensions
[lohara-Koga '01]



AdS/CFT S-matrix: A'is centrally-extended psu(2|2)

[Beisert '05]
[L,2, ] = 680, — 3683, [R.S,J,] = 687, — 1323,
RS, 1] = mﬂ ; 15",}]7

[}Lab“}]c] — —§§Jb 15ch
{QaaaQﬁb} = eaﬁfab C {Gaa, Gbﬁ} = ¢*Pe ab (CT
{Q2,GJ} = 53R 2 + 6812 + L6268 H abc=12 a,B,~v=234

 a1...a, aj...ap_q aj...ag_oaf3
by = ¢ [W31"'W5/,+¢)1 -1 Wal"‘Wak71€“+®l -2 ’Wa1~~-Waz/,72909ﬂ-r

b _ _1sb. D 158
L —Waaw,, 502 We Bw, —9039 30 9’769

a — aeaa + beabeagwbag (G > =d Waae + ceabe"‘ﬁag Do

C=ab (waa“jva +9a%> Ch=cd (Waai%wa%)

0 0
= (ad + bc) (Waaw + 90‘89) [Arutyunov-Frolov '08]



CHEVALLEY-SERRE  [All fermionic Dynkin diagram]
& =-ivG3 & =pQ3 & =pQi & =-ipQi & =vG3, & =vGi

. _ep 1 1 P . i
p=ig 2(q—q )72 v=qg2(q—q ") q=exp

[cf. also Gomez-Hernandez '07; Young '07]

(NI

1
aj = ﬁ 1 8 0 Cartan matrix

kil =0, [mi, &1 =+a;6"  i,j=1,23
[gfragj‘i] = 61] Rj,
[gl:tv [g,:t7 gj‘:]] =0 for (iaj) = (17 2)7 (2) 1)7 (17 3)7 (37 1)

P _
[E;:. gg:] = % [p, ] =0 [NOTE: Serre = Undeformed is p — 0, *not* g — 1]
q-—

Not a mere optical illusion —



HOPF ALGEBRA

Imposing cocommutative center [ necessary for A®(C)R = RA(C) = A(C)R]
Alp) =p1+1®p

immediately forces

A(I{;) = ki1 + 1R kK

AEH) = 0q™ + g e
AER) =g + g 20t =23

—— [Gomez-Hernandez '06; Plefka-Spill-AT '06]

[Klose-McLoughlin-Minahan-Zarembo '06; Arutyunov-Frolov-Plefka-Zamaklar '06]



YANGIANS

3 Lie (super)algebra Q”. Suppose 3 additional charges @*
[QA, QB] — IféB QC [QA, QB] — ”(643 QC

(plus Serre) with coproducts

AQY=Q"®1+12 Q"
AQY =" ®1+10 Q"+ 5 4@ © Q€
[Drinfeld '86; {rev} MacKay'04]

(Infinite) Spin-Chain Dolan-Nappi-Witten '03; Agarwal-Rajeev '04;
Zwiebel '06; Beisert-Zwiebel '07]

Classical String ~ [Mandal-Suryanarayana-Wadia '02; Bena-Polchinski-
-Roiban '03; Hatsuda-Yoshida '04; Das-Maharana-Melikyan-Sato '04]



S-matrix Yangian [Beisert "07]

We know after rescaling (and g =exp i)
A(QA) QA ® q [A]]g q_[[A]]g ® QA

Correspondingly, 3 centrally-extended psu(2|2) Yangian

A(QA) = QArqlAN 4 g 11412 ®QAJr FA. QB ¢ 1115 g gllENS Q€



SIGMA MODEL PICTURE [— Pure spinors]

2D classical field theory, local currents

Ju=ITa 0"} =0 QA:/ dx J§

Flatness (Lax pair)

OoJ1 — O1Jo + [Jo, Jl] =0

Non-local conserved current

~ i
Jl’f(x) =euwn’” Jf’f\(x) + = 5 JB(x) dx’ J§ (x')

2 'BCuI |
d - d [ =
dtQA_dt/ dx J{\(x) =0



Prototype: Principal Chiral Model

L=Tr[0,g 0" ¢g] g € Lie

(left,right) global symmetry g — erg, ge

Flat currents JLR = (0,8)g7Y, g1 (0,g) € lie
String — % coset [Metsaev-Tseytlin action]

—> pure spinor action [Berkovits]



Classical argument [Liischer-Pohlmeyer '78; MacKay '92]:

Q= / dx JP(x) + é fhc / dx JOB(X)/ dx’ J§ (x')

Evaluating on profile
A O a4 [P s [C
Qiprofile. = / Ji+ 5 fec / Jo / Jo
i [T [, A [ [°
+ J1+*fBC/ Jo/Jo-i-*ch/ Jo/
0 2 0 0 2 0 —oo

— A(OA):©A®1+1®©A+éf,§CQB®QC

Js



REMARKS

e Evaluation representation:

A 1 i
A A _ -t A
=u =1gx" +—= -7
Q Q" = ig( o+ 3 g) Q
xT = xT(p) also parameterize algebra representation

e Yangian symmetry in evaluation rep — difference form

S=5(u —w)
S-matrix does not to possess this symmetry because u = u(x™)

(see however [AT '09])



e Coproduct needs raising index f£8 with inverse Killing form,
but...

...for psu(2|2), this does not exist, yet table of coproducts can be
fully determined (cf. extension by automorphisms

[Spill "dipl.thesis, Beisert '06])

e For higher bound-states, either YBE or Yangian symmetry have
to be used to completely fix S-matrix

[Arutyunov-Frolov '08, de Leeuw '08, MacKay-Regelskis '10]



Drinfeld's second realization [Drinfeld '88]

[ﬁi m» Hj,n] = 0, [ﬁi,07 g_;l’:m] = :taij gﬁ:m7

[EI ,m’ ‘Ej,n] = 6U Kj,m+n;

1 .
[Hi,m+17§fn] — [n,-7m,§fn+1] = j:fa,-j{m,- m,fﬁ,}, ajj Cartan matrix

[ i,m+1> ] - [gl ,m’ ',n+1] +5 aU{fl m’ }

nj = 1+ ]aU| Sym{k}[g,'i,kla[gi%ky"'[ /kn /] ]]

Serre relations



Mechanical generation of higher levels
[K;i,m7 Hj,n] = 0) [KI 07 ., m] :l:alj é:, m’

Ki,m generate Cartan subalgebra

1 :
[’fi,m+1»£fn] — [n;,m,gfnﬂ] = j:Ea;j{m,-,m,gfn}, ajj Cartan matrix
Suppose you know full level 0 and 1 rep. Choose i,/ s.t. a;j # 0
+ + 1 +
[/{'i,0+1a£j,1] - [Ki,07§j71+1] = iiaij{’fi,mng} =

1
+ + +
[Hi,la§j71] + ajj fj,g = iiaij{ﬁi,mfjg}

Level 2 is explicit (undoing of a Lie bracket)



AdS/CFT has central extension [Spil-AT '08]

[Ki,m: /‘ij,n] =0 [K[’O,Ejl’:m] = *aj; gjt:m

[g, m’gj,n] = 51] Kj m+n,

0 1 -1
bij=|1 0 0 |=-i(g—qg Ya; =hay; h = 2sin(3)
-1 0 ©0
o1, €51 = [aams €5y ] = 2y (s €5}
im+1,5j n ILmySjnyl 2 ] 1,msSjn
h

[éi%m—i-l’ gj%n] [51 m’ ,n+1] +5 aIJ {5, m’ gji’n}

(i) = (1,2),(2,1),(1,3),(3,1) Sym &7 67§11 = 0

qp — q_p

+ + +
’ = m ns Cn P 0 G =
[ &3] = Cont (& 0= g g1



UNIVERSAL R-MATRIX

Given H non co-commutative Hopf algebra (AP £ A),
suppose 3 abstract solution R € H ® H of

A°R = RA

Universal: independent of reps in each factors of ®

Standard Yangian is one such H



Theorem (Drinfeld): if R satisfies Quasi-Triangularity
(rep-independent version of bootstrap principle)

(A ® 1)R = Ri3 Rx3
(1 & A)R = Ri3 Ri»

B B
I
gl T /
//\\ //r/ik/ e
/N 77\
/ \ 3 \
| Vi | i

then it also satisfies YBE and Crossing °



Direct proof of properties of the S-matrix

Complete solution to scattering problem reduces to:

find the abstract tensor R given H, and then project it into your
favorite (bound-state) reps

Define an integrable model and its correlation functions purely via
its quantum group symmetry

[LeClair-Smirnov '92]

Q—operator [Bazhanov,Frassek,tukowski,Meneghelli,Staudacher]

Can we do it for AdS/CFT?



Yangian in short reps relatively well understood, e.g. all bound
state S- and transfer matrices [Arutyunov-de Leeuw-(+Suzuki)-AT '09]

Classical r-matrix [AT '07, Moriyama-AT 07, Beisert-Spill '07] has nice
classical double structure, but no quantization yet

Long reps show the need of extending the algebra, or else universal
R-matrix does not 3 [Arutyunov-de Leeuw-AT '10]

— SECRET YANGIAN SYMMETRY [Matsumoto-Moriyama-AT '07,
Beisert-Spill '07]  with gl(2|2) signature may be the key

AB)=B®1 + l®f3+§(@?®@3 + Q. ®GY)

N

1
B = Z(x+ +x7 —1/xt —1/x7)diag(1,1,-1,-1)

[Exact in g, not a strong coupling exp.]



Universal R-matrix [Khoroshkin-Tolstoy '96; Rej-Spill '11]

should look smtg. like R = Re Ry Rr

d
Ry = exp < Res,—, Z a('OgHﬁ_(u)) ® Difl log Hj_(v)
iJj

Dy = —(T7 = T72) ay(T?2), a;(t) = "=, Tf(u) = f(u+1)

t—t—1



Problem
R ~ H exp [ea ® e,a] - exp [aijlh" ® h’}

[ RS A+
H exp [e_a ® ea}
[ AS A+

(Centrally extended) psl(2|2) has degenerate Cartan matrix
Khoroshkin-Tolstoy: go to the next non-degenerate one (gl(2|2))

g(2|2) contains B which makes aj; non-degenerate



More problems

The Yangian cannot be Y/(gl(2|2)) since at level zero

AB)=B®l1+ 1B B x diag(1,1,—-1,-1)

is not a symmetry, e.g  R|¢1) @ |¢2) X ... + [1)3) @ [1)4)

It starts at level one

Indentation: Perhaps new type of quantum groups

[Etingof, priv.comm]



SECRET (BONUS) SYMMETRY IN AMPLITUDES

Tree-level planar n-particle

An()\k75\k777k) k= 1,...,n

M, A € C2 c.c. spinors

Yangian of psu(2,2|4)

-ordered amplitudes
Null mom. pfaﬁﬂ = /\ﬁs\f

Nk € CO* Grassmann

[Drummond-Henn-Plefka '09; cf. He's talk]

~A _ A ~B~C
J% = fgc JjiJk
j<k=1
4 b b N& b
85,805 — Q7 Sk + 01668,

[Beisert-Schwab '11]



SECRET (BONUS) SYMMETRY IN PURE SPINORS

Group variable g € PSU(2,2|4), conserved currents j

dJ
dlogz|, §

J=—dgg! — J(2) -  j=g1

Lax connection
[0+ + J4(2), 0- + J-(2)] =0

Non-local conserved charges generated by transfer matrix

T(2) = glhoe) [P e [ (-di@)art S (2)dr )| (o)

le = Str ¢ (/L1>02U(01),j(02)]—/k> § € pu(2,2/4)

[Berkovits-Mikhailov '11]



SECRET SYMMETRY IN BOUNDARY PROBLEMS
[Regelskis '11] [MacKay-Regelskis '10 -'12]

boundary
bulk
o(h) =5 o(m) = —m  involution
K : Vi(u)® Vp, — Vi(—u) @ Vp
[b;b]cbh  [hm]Cm  [mm]Ch m=g/b
Twisted Yangian A(J) € Y(g9) @ Y(g,h)
Y(g.h) gen. by I and JP =3P+ P39 i~b prm

[Delius-MacKay-Short '01]

Secret B is there if h has degenerate Cartan matrix (but some secret susys always there...)



QUANTUM AFFINE SECRET SYMMETRY

[Beisert-Koroteev '08; De Leeuw-Matsumoto-Regelskis '11] [de Leeuw-Regelskis-AT '12]

-1 0 1 0 .
DA=| o | _, 1 D = diag(1,-1,-1,-1)
-1 0 1 0
KiEj = q"VEK; , KiFi=q VK,
K- K
[Ej,Fj}:Dﬁﬁ ; [Ei,Fi} =0

{IE1, Ex), [E3, Ed]} — (@ — 2+ q ) EkELEsEx = go(1 — VR UR)
{[F, F, [Fs, B} — (g — 2+ ¢ ) FuFiFsFi = go (Vi 2 = U?)

Be,r = be,r diag(1,...,—1...)

ABe =BE®1+1® Be
+(Ust @ 1)(Kip3 Es @ Enos + Koz Era @ Exs + K Eas @ Eia + Ky 'Eras ® )
+ Kl_QiE3 ® Eoa + K3_1E124 ® E3



Drinfeld’s Second rea|izati0n Of Uq(g[(2‘2) (all-fermionic Dynkin diagram)

(hj,m , hjr.a] =0 [hio, &l = £a5

aijn
[hl‘,"7 j:f:m] = i% gjt:nﬁ»mﬂ n # 0 [X]q =

g-q”
qg—q!

{gl no é, m} = ﬁ (Q/)Ijt—n-%—m - w;n+m)

{g’%m ’ é-ifn} = 07 if ajir = O7
{fi%erl ) é-f:i:’n}qiaﬁ/ = {éinJrl? é-if,tm}qia,-,-/
[{£§m7 £il’:n}q7 {gg’:p 6;’{:’}471] = [{gflﬂ gfn}m {é;%m ) é.;%r}qfl]

01 0 2
T B e
Zlo -1 0 2

2 2 2 0

Ui (z) = g0 exp (i(q -q N> h;,imszm) => iz "

m>0 n€EZ



CONCLUSIONS

e A deep mathematical structure is there, in some aspects almost
reducible to standard, in others much harder. Generalizations
(cf. Yoshida's talk) and relation to non—Ultraloca//'ty (cf. Magro’'s talk)

e Role of secret symmetry, quantum double, universal R-matrix ?
Relation to Q—Operator [Bazhanov,Frassek,tukowski,Meneghelli,Staudacher]

e Exciting links to condensed matter theory (Hubbard model) and
POhlmeyer reduction [Grigoriev, Tseytlin, Hoare, Hollowood, Miramontes]

(cf. Hoare's and Van Tongeren's talks)

e Fascinating connections with Yangian and dual superconformal
symmetries of scattering amplitudes await to be fully investigated

e Hopf algebra of symbols (. punrsta). Any connection?



THANK YOU!




