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fp = dcp−1 + db ∧ cp−3 Fp = dCp−1 + dB ∧ Cp−3

ΦEµν = Gµν + Bµν

Eµν =M




eµν − γ

�
det

�
e12 e1ν

eµ2 eµν

�
− det

�
e21 e2ν

eµ1 eµν

��
+ γ2 det




e11 e12 e1ν

e21 e22 e2ν

eµ1 eµ2 eµν










�

q

Fq ∧ eB =
�

q

fq ∧ eb + γ ιϕ1 ιϕ2

�
�

q

fq ∧ eb

�

N
S-

N
S 

fie
ld

s

M =
�

1− γ (e12 − e21) + γ2 det
�

e11 e12

e21 e22

��−1

R
-R

 fi
el

ds

e2Φ =M e2φ

[E.I.]

 T-duality
 along ϕ1

 Shift
ϕ2 → ϕ2 + γϕ1

 T-duality
 along ϕ1
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becomes physical parameter          chemical potentialγ
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Use TsT transformation to get Schrödinger black hole admitting an extremal limit
    -deformed
  black hole with
  Schrödinger asymptotics

Charged
AdS-Reissner-
Nordström black hole

 T-duality
 along ψ

 Shift
x−→ x−− γψ

 T-duality
 along ψ

γQ �= 0

[also Adams-Brown-DeWolfe-Rosen]
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and energy

Pi = ∂W/∂µi

E = W + TS − µiPi



Schrödinger black holes with 
extremal limits - Zürich 09/09/09 INTRODUCTION CONCLUSIONSOUTLINE CHARGED

BLACK HOLENR AdS/CFT PHASE
TRANSITION

Introduce coordinates that eliminate
from asymptotic Schrödinger metric

γ

Thermodynamics
Black hole thermodynamics mostly inherited via TsT transformation
                   Care needed with the identification of CFT timeHOWEVER

u = γl (t + x) v =
1

2γl
(t− x)

CFT TIME

[Herzog-Rangamani-Ross]

Temperature Chemical potential Chemical potential

T =
1
γl

r0

πl2

�
1− Q2

2r6
0

�
µ1 =

1
2γ2l2

µ2 = lim
r→∞

Au =
1

2γl

Q

l2r2
0

PERIODIC          DISCRETE NUMBER DENSITYv ↔

↔ γ ↔ Q

Partition function Z(T, µi) = e−W (T,µi)/T � e−IE

GIBBS POTENTIAL EUCLIDEAN ON-SHELL ACTION
IE = IIIB + counterterms

W = IE T = −∆vV r4
0

2κ2

�
1 +

Q2

r6
0

�  Entropy

S = −∂W

∂T

����
µ1,µ2

=
∆xV 2πl2r3

0

κ2

AGREES WITH    - INDEPENDENT HORIZON AREAγ

Can also compute charges                       
and energy

Pi = ∂W/∂µi

E = W + TS − µiPi

 Equation of state
PV = E



Schrödinger black holes with 
extremal limits - Zürich 09/09/09 INTRODUCTION CONCLUSIONSOUTLINE CHARGED

BLACK HOLENR AdS/CFT PHASE
TRANSITION

Introduce coordinates that eliminate
from asymptotic Schrödinger metric

γ

Thermodynamics
Black hole thermodynamics mostly inherited via TsT transformation
                   Care needed with the identification of CFT timeHOWEVER

u = γl (t + x) v =
1

2γl
(t− x)

CFT TIME

[Herzog-Rangamani-Ross]

Temperature Chemical potential Chemical potential

T =
1
γl

r0

πl2

�
1− Q2

2r6
0

�
µ1 =

1
2γ2l2

µ2 = lim
r→∞

Au =
1

2γl

Q

l2r2
0

PERIODIC          DISCRETE NUMBER DENSITYv ↔

↔ γ ↔ Q

Partition function Z(T, µi) = e−W (T,µi)/T � e−IE

GIBBS POTENTIAL EUCLIDEAN ON-SHELL ACTION
IE = IIIB + counterterms

W = IE T = −∆vV r4
0

2κ2

�
1 +

Q2

r6
0

�  Entropy

S = −∂W

∂T

����
µ1,µ2

=
∆xV 2πl2r3

0

κ2

AGREES WITH    - INDEPENDENT HORIZON AREAγ

Can also compute charges                       
and energy

Pi = ∂W/∂µi

E = W + TS − µiPi

 Equation of state
PV = E

APPROPRIATE FOR A NON-RELATIVISTIC 2D CFT



Schrödinger black holes with 
extremal limits - Zürich 09/09/09 INTRODUCTION CONCLUSIONSOUTLINE CHARGED

BLACK HOLENR AdS/CFT PHASE
TRANSITION

Introduce coordinates that eliminate
from asymptotic Schrödinger metric

γ

Thermodynamics
Black hole thermodynamics mostly inherited via TsT transformation
                   Care needed with the identification of CFT timeHOWEVER

u = γl (t + x) v =
1

2γl
(t− x)

CFT TIME

[Herzog-Rangamani-Ross]

Temperature Chemical potential Chemical potential

T =
1
γl

r0

πl2
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1− Q2

2r6
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�
µ1 =

1
2γ2l2

µ2 = lim
r→∞

Au =
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2γl

Q
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0
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Partition function Z(T, µi) = e−W (T,µi)/T � e−IE

GIBBS POTENTIAL EUCLIDEAN ON-SHELL ACTION
IE = IIIB + counterterms

W = IE T = −∆vV r4
0

2κ2

�
1 +

Q2

r6
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and energy

Pi = ∂W/∂µi

E = W + TS − µiPi

 Equation of state
PV = E

APPROPRIATE FOR A NON-RELATIVISTIC 2D CFT

We also computed the
shear viscosity to entropy density ratio

finding the universal value
η

s
=

1
4π

even at zero temperature
[compare Kovtun-Son-Starinets, Iqbal-Liu]
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(RELATIVISTIC)

DIPOLE THEORY!
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SAME AS STANDARD
(RELATIVISTIC)

DIPOLE THEORY!
Universality
of          ?AdS2
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In summary...
                           We derived a charged black hole solution

with Schrödinger asymptotic symmetry
dual to a non-relativistic (2+1)-dimensional CFT at finite temperature / 
finite chemical potential that admits an extremal limit

We studied thermodynamic / hydrodynamic properties of the solution
The near-horizon geometry exhibits an          factor (or not)

We found a zero temperature phase transition between black hole
and Schrödinger soliton
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Conclusions and outlook

In summary...
                           We derived a charged black hole solution

with Schrödinger asymptotic symmetry
dual to a non-relativistic (2+1)-dimensional CFT at finite temperature / 
finite chemical potential that admits an extremal limit

We studied thermodynamic / hydrodynamic properties of the solution
The near-horizon geometry exhibits an          factor (or not)

We found a zero temperature phase transition between black hole
and Schrödinger soliton

Outlook
                           

AdS2

Elucidate near-horizon geometry by studying the dual CFT
Non-relativistic version of (string embedded) holographic superconductors

 Emergence of Fermi surfaces
Phase structure in Schrödinger global coordinates

[Gubser-Herzog-Pufu-Tesileanu, Gauntlett-Sonner-Wiseman]

[Blau-Hartong-Rollier, Yamada]

. . .
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Introduction
Can string theory be used to access experimentally testable systems ?

The gauge/string duality
is an invaluable tool to study

strongly coupled
physical systems

Applications to strong interactions
(confinement, χSB, quark-gluon plasma, ...)

Applications to condensed matter systems

SUPERFLUID INSULATOR

QUANTUM CRITICAL
T

g

Many examples of strongly coupled
scale invariant systems in condensed matter

High -      superconductorsTc

Fermions at unitarity

. . .

Quantum criticality

(experimentally realized in trapped cold atoms)
Experiments

A cloud of gas is released from the trap:

Vortices indicating superfluidity

!

!

"

Toward an AdS/cold atom correspondence – p.11/30

MOST SYSTEMS ARE
NON-RELATIVISTIC
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Study non-relativistic systems at finite temperature / density
                   Black holes with non-relativistic asymptotic symmetryAdS/CFT

Motivations

Derive and study charged black hole solution
dual to non-relativistic scale invariant

(2+1)-dimensional conformal field theory
admitting an extremal limit (T = 0)

IN THIS TALK

Adding U(1) charge may allow spontaneous breaking
by a condensate            superfluid phase

[Gubser, Hartnoll-Herzog-Horowitz, ...]

WHY?

Near-horizon geometry of charged extremal black holes
exhibits an          factor that has been shown to be related to
the emergence of sharp Fermi surfaces in the dual theory
            (non-)Fermi liquids

AdS2

[Liu-McGreevy-Vegh, Faulkner-Liu-McGreevy-Vegh]

kF

Do these constructions generalize to non-relativistic systems ?
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Non-relativistic AdS/CFT
Sc

h d

GALILEAN SYMMETRIES ROTATIONS TRANSLATIONS BOOSTS

DILATATIONS

"SPECIAL CONFORMAL"

Mij Pi Ki

xi → λxi t→ λ2t

xi → xi
1+µt t→ t

1+µt

TIME AND SPACE SCALE DIFFERENTLY

Symmetry of non-relativistic "conformal" systems is Schrödinger algebra

How does it arise from relativistic theory?
Start with conformal group in one higher dimension
Choose light-cone coordinates x± = 1

2 (t± x)

Schd subalgebra of generators that commute with P−

STRING
DUAL

This suggests string dual obtained via TsT transformation
of relativistic dual along       and R-symmetry direction

[Lunin-Maldacena]

SCHRÖDINGER
DUAL

 T-duality
 along

 Shift
x−→ x−− γψ

 T-duality
 along ψ

AdS
DUAL ψ

[Herzog-Rangamani-Ross, Maldacena-Martelli-Tachikawa, Adams-Balasubramanian-McGreevy]

fg → f � g = eiπγ(P f
−Qg

ψ−Qf
ψP g
−)fgDIPOLE FIELD THEORY

ψ

x−
x− ψ

LIGHT-CONE MOMENTUM R-CHARGE

H

+  CENTRAL ELEMENT
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Non-relativistic AdS/CFT
Obtain non-relativistic ground state via TsT of AdS5 × S5

F5 = . . .
AdS5 × S5

ds2 =
r2

l2
�
−4dx+dx− + d�y2

�
+ l2

�
(dψ + P )2 + ds2

CP2

�

Ts
T

Coordinates that eliminate

F5 = . . .

Schrödinger
space-time

γ v = x−/(γl)u = 2γlx+

ds2 =
r2

l2

�
−2dudv−r2

l2
du2 + d�y2

�
+ l2

�
(dψ + P )2 + ds2

CP2

�

B = − r2

l du ∧ (dψ + P )

u→ λ2u v → v�y → λ�y r → λ−1rGALILEAN SCALING SYMMETRY
[Son, Balasubramanian-McGreevy]COMPACT DISCRETE MASS / PARTICLE NUMBERv

Pathologies of DLCQ ameliorated by going to
finite temperature / finite density

TsT transformation of AdS-Schwarzschild black hole

Study thermodynamics, hydrodynamics, ...
[Herzog-Rangamani-Ross, Maldacena-Martelli-Tachikawa, Adams-Balasubramanian-McGreevy]

becomes physical parameter          chemical potentialγ
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Charged Schrödinger black hole

f(r) =
�

1− r2
0

r2

� �
1 +

r2
0

r2
− Q2

r2
0r

4

�
A = At dt =

Q

l2

�
1
r2
0

− 1
r2

�
dt

Use TsT transformation to get Schrödinger black hole admitting an extremal limit
Charged
AdS-Reissner-
Nordström black hole

Q �= 0

+ l2
�

(dψ + P + A)2 + ds2
CP2

�
ds2 =

r2

l2
�
−fdt2 + dx2 + dy2 + dz2

�
+

l2

r2

dr2

f

F5 = (1 + �)
��
−4r3

l4
dt ∧ dr − 2Q

l4
ωCP2

�
∧ dx ∧ dy ∧ dz

�

CHARGE QDOUBLE ZERO AT HORIZON

x− = 1
2 (t− x)
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Charged Schrödinger black hole

ds2 =
r2

l2
M

�
−fdt2 + dx2 − γ2r2f(dt + dx)2

�
+

r2

l2
�
dy2 + dz2

�
+

l2

r2

dr2

f

+ l2
�
M (dψ + P + A)2 + ds2

CP2

�

e2Φ =M

B = −γr2M (fdt + dx) ∧ (dψ + P + A)

C2 = −γl2At ωCP2

F5 = (1 + �)
��
−4r

3

l4
dt ∧ dr − 2Q

l4
ωCP2

�
∧ dx ∧ dy ∧ dz

�
−H ∧ C2

f(r) =
�

1− r2
0

r2

� �
1 +

r2
0

r2
− Q2

r2
0r

4

�
A = At dt =

Q

l2

�
1
r2
0

− 1
r2

�
dt

M =
�
1 + γ2r2(1− f)

�−1

Use TsT transformation to get Schrödinger black hole admitting an extremal limit
    -deformed
  black hole with
  Schrödinger asymptotics

Charged
AdS-Reissner-
Nordström black hole

 T-duality
 along ψ

 Shift
x−→ x−− γψ

 T-duality
 along ψ

γQ �= 0

[also Adams-Brown-DeWolfe-Rosen]
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Introduce coordinates that eliminate
from asymptotic Schrödinger metric

γ

Thermodynamics
Black hole thermodynamics mostly inherited via TsT transformation
                   Care needed with the identification of CFT timeHOWEVER

u = γl (t + x) v =
1

2γl
(t− x)

CFT TIME

[Herzog-Rangamani-Ross]

Temperature Chemical potential Chemical potential

T =
1
γl

r0

πl2

�
1− Q2

2r6
0

�
µ1 =

1
2γ2l2

µ2 = lim
r→∞

Au =
1

2γl

Q

l2r2
0

PERIODIC          DISCRETE NUMBER DENSITYv ↔

↔ γ ↔ Q

Partition function Z(T, µi) = e−W (T,µi)/T � e−IE

GIBBS POTENTIAL EUCLIDEAN ON-SHELL ACTION
IE = IIIB + counterterms

W = IE T = −∆vV r4
0

2κ2

�
1 +

Q2

r6
0

�  Entropy

S = −∂W

∂T

����
µ1,µ2

=
∆xV 2πl2r3

0

κ2

AGREES WITH    - INDEPENDENT HORIZON AREAγ

Can also compute charges                       
and energy

Pi = ∂W/∂µi

E = W + TS − µiPi

 Equation of state
PV = E

APPROPRIATE FOR A NON-RELATIVISTIC 2D CFT
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Extremal black hole and near-horizon limit
Extremal limit                    corresponding to zero temperature
Admits near horizon limit                                              Does an          arise?

Q =
√

2 r3
0

AdS2

Relativistic Non-relativistic

Charged AdS black hole

r = r0 + ρ

Near-horizon limit
ds2

5 = − 12ρ2

l2 dt2 + l2

12ρ2 dρ2

+ r2
0

l2

�
dx2 + dy2 + dz2

�

AdS2 × R3

Charged Schrödinger black hole

TsT
(x−, ψ)

TsT
(x−, ψ)

ds2
5 = r2

0
l2

�
1 + γ2(r2

0 − 12ρ2)
�−1

�
− 12ρ2

r2
0

dt2 + dx2

−12γ2ρ2(dt + dx)2
�

+ l2

12ρ2 dρ2 + r2
0

l2

�
dy2 + dz2

�

AdS2NO           FACTOR "NON-RELATIVISTIC
NEAR-HORIZON"

SCALING LIMIT
t→ t/λ ρ→ λρ

λ→ 0
ds2

5 = − 12ρ2

l2 dt2 + l2

12ρ2 dρ2

AdS2 × R3

+ r2
0

l2

��
1 + γ2r2

0

�−1
dx2 + dy2 + dz2

�

TsT(x,ψ)

[Reall, Kunduri-Lucietti-Reall]

SAME AS STANDARD
(RELATIVISTIC)

DIPOLE THEORY!
Universality
of          ?AdS2
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Non-relativistic soliton only exists for special values of    
 

A zero temperature phase transition
Schrödinger soliton obtained by
double Wick rotation of            black hole
(or TsT of AdS soliton                      )

Q = 0 xb → itstb → ixs γb → iγs

[Horowitz-Myers]

PERIODICALLY IDENTIFIED FOR REGULARITY

Regularity at             imposes an additional conditionr = rs
2rsγs = 1

rs

Schrödinger solitonAT T = 0 :

Match periodicities of     and     and deformation parametersτ x γb = γs

ONLY POSSIBLE FOR 2rsγs = 1
 Difference of Euclidean actions

∆I = (Is − Ib)|T=0 = −∆τ∆xV l6

2κ2µ2
1

�
µ4

1 − 3µ4
2

�

Extremal
Schrödinger black hole PHASE

TRANSITION?

µ1 > 31/4µ2

µ1 < 31/4µ2

SOLITON

BLACK HOLE

µ1

µ2

SO
LIT

ON
BLA

CK H
OLE

Also expected in relativistic case


